An appendix to the paper “approximation of the perturbation equations of a quasi-linear hyperbolic system in the neighborhood of a bicharacteristic”  by Krishnan, E.V
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 60, 716-720 (1977) 
An Appendix to the Paper 
“Approximation of the Perturbation Equations of a Quasi-Linear 
Hyperbolic System in the Neighborhood of a Bicharacteristic”* 
E. V. KFUSHNAN 
Department of Applied Mathematics, Indian Institute of Science, Bangalore 560012, India 
Submitted by W. F. Ames 
APPENDIX A 
The theory of Varley and Cumberbatch [l] giving the intensity of discon- 
tinuities in the normal derivatives of the dependent variables at a wave front 
can be deduced from the more general results of Prasad which give the complete 
history of a disturbance not only at the wave front but also within a short 
distance behind the wave front. In what follows we omit the index M in Eq. 
(2.25) of Prasad [2]. Following Prasad and Ravindran [4], we write the expansion 
for 1, A, r, Bcm) and + as 
and use a transformation from (t, x,) to (4s) XL,) specified by 
40 = do(% , t>, 4, = %a * 
Retaining only the first two terms, consistent with the accuracy of Eq. (2.25) of 
Prasad [2], we get 
-=- 
where 




is a derivative along a bicharacteristic on the characteristic surface of the linear 
theory and C, is given by 
Cw = 4H(grado Ah ro> dot + W=L B(% ro> AZ d 1 r. - (A4) 
* By Phoolan Prasad, J. Math. Anal. Appl. oo (1975), 470-482. 
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Equation (2.25) of Prasad becomes 
where 
Now using the relation 
we can write (A5) as 
b’.)$ + CwWg + K’W = 0, 
%I 0 
where 





Differentiating (A8) with respect to &, and keeping in mind the fact that bta), 
C, and K’ are functions of XL, only, we get 
b’+&-$~)+Cw(~)2+Cw~W+K’~=0. (AlO) 
We denote the jump across &(x, , t) = 0 by [ 1. Thus when we consider 
the jumps in Eq. (AlO), we get 
(All) 
where we have used the fact that W is continuous across 4,, = 0 and its value 
at the wave front is zero. We also note that at the wave front 4 = (b. = 0 and 
in our case the values of W, aW/a#, , etc., ahead of the wave front are zero. 
Equation (All) is the transport equation giving the rate of change of the 
discontinuity in the normal derivative of W across a wave front separating the 
undisturbed part of the steady solution from the disturbed part. 
Varley and Cumberbatch also derive the nonlinear transport equation for a 
discontinuity in the derivatives at the wave front. They start with system (2.1) 
of Prasad [2] with the matrix A as the identity matrix. They take a more general 
case of multiple characteristics and it is not difficult to generalize our method 
to this case. However, they take the state ahead of the wave front to be unsteady 
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and derive the equation for the jump in aI?‘/& It is a simple matter to verify 
that Eq. (All) is equivalent to the corresponding transport equation of Varley 
and Cumberbatch under the assumptions we make. To do this we need to use 
the relation 
Pw%1 = wvwl/~ot 
and the fact that (d/do,) (&J = 0, w rc immediately follows from [2] Eq. h’ h 
(2.29). 
APPENDIX B 
Whitham [3] gives his well-known theory for calculating the complete 
history of nonlinear sound pulses of an arbitrary shape. He has developed the 
method from physical and intuitive arguments. We can derive Whitham’s 
theory in a systematic manner from Prasad’s approximate equation for an 
arbitrary hyperbolic system without any help from intuition. 
Here we follow the downstream propagating waves, that is, waves 
corresponding to the characteristic velocity n,q, + a. So under the assumption 
that the flow is uniform and at rest ahead of the wave front, we can write the 
approximate equation (2.25) of Prasad as 
W) 
where (nJ is the unit normal to the wave front $,, = 0 calculated from the 
linear theory. For the linear theory Eq. (Bl) reduces to 
$+ an aw=a52W O oc ax, O - 
We also note that increments in velocity components, pressure, and density are 
related to W by the relation 
!A? - !lcQ = %JK P - PO = poaow, P - ~0 = (PO/~ W (B3) 
Now let s be a parameter varying along rays. Since we assume the flow to be 
uniform and at rest ahead of the wave front, the rays are orthogonal trajectories 
to the successive positions of wave fronts. The rate of change along the normals 
to the wave fronts is equal to n,(a/&J = a/as. Therefore, from (B2), 
tg+ aogy=a&W. 
Now we take a fixed point on the ray and let the value of W at this fixed point 
at a given time t be F(t). If s is the distance along the ray from this fixed point, 
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then let A(s) be the area of an elementary ray tube at the point s. Now we 
consider a given point in the pulse and let 71 be the time when this point of the 
pulse arrives at s = 0. The solution of (B4) satisfying the above conditions is 
Wexp - ( T[ = t - (s/so). 
With the help of differential geometry we can deduce the relation 
A(s) = A(O) exp (-2 ls Q(s)) A’) , W) 
where A(0) is the value of A(s) at s = 0. Equations (B5) and (B6) give us 
w = (A(O))l~2 (F(t- s/a,)/(A(s))l’2), (B7) 
which gives the well-known law of pressure variation along the ray tube and this 
forms the basis of Whitham’s theory. 
Now we consider the nonlinear case. Nonlinearity occurs when we take into 
account the progressive distortion of the wave profile due to the small variations 
in the values of the propagation speeds of the individual wavelets in the wave 
represented by the term ((y + 1)/2) n,Win the coefficient of aW/ax, af Eq. (Bl). 
We define s and the arbitrary function F in the same manner as in the linear 
theory. Solving the characteristic equations of (Bl) and using (B6), we get 
and 
~-.=~-~~“Wds+~y~,2~,“W2ds+..., (B9) 
0 0 0 
where 7 is the time at which a given point in the pulse arrives at s = 0. Since 
we are considering small disturbances, Wand F( ) r are small quantities of order 6 
and therefore from (BS) and (B9) we get 
W = (A(0))1’2 (F(T)/(A(s))~‘~) W’) 
and 
where 
t = (s/uo) - KF(T) joa (ds/(A)1’2) + T, 0311) 
K = ((Y + 1>/2%7 (40)y’“. (B12) 
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Equation (BlO) gives the law of pressure variation and particle velocity in a ray 
tube and (Bl 1) gives the increasing divergence between the values of T and 
t - (s/cz,,). As s increases this gives the progressive distortion of the wave profile. 
Equations (BlO) and (Bll) form the starting point of Whitham’s theory. 
Whitham’s Eq. (10) [3], giving the relation between the perturbations in velocity, 
pressure, sound speed, and shock speed, can be easily derived from (B3). 
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